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Abstract 



Configuration space of abelian gauge theory on a periodic lattice becomes topologically 
disconnected by excising exceptional gauge field configurations. It is possible to define a U(l) 
bundle from the nonexceptional link variables by a smooth interpolation of the transition 
functions. The lattice analogue of Chern character obtained by a cohomological technique 
based on the noncommutative differential calculus is shown to give a topological charge 
related to the topological winding number of the U(l) bundle. 
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1 Introduction 



In a recent paper [|IJ Liischer has investigated generic structures of chiral anomaly for abelian 
gauge theory on the lattice. His work is extended to arbitrary higher dimensions in our previ- 
ous papers [@], where the topological part of the axial anomaly is shown to be interpretable as 
a lattice generalization of Chern character within the framework of noncommutative differ- 
ential calculus ||. In the continuum theory the Chern character gives the integer topological 
winding number when integrated over the base manifold and it coincides with the index of 
the Dirac operator [|J . The chiral anomaly on the lattice can also be related with the index 
H of the Ginsparg- Wilson Dirac operator || |7| . So it is very natural to expect some exten- 
sion from the continuum to the lattice of the index theorem relating the analytical index of 
the Dirac operator with the topological invariant of the manifold on which the Dirac operator 
is defined . In this respect, it is, however, not clear in the constructions of ref. [[[], |2|] whether 
the lattice analogue of Chern character can be related to some topology of the gauge theory 
on the lattice. 

One might think that it would make no sense to argue the topological configurations on 
the lattice since any lattice fields could be continuously deformed into the trivial configuration 
and no nontrivial topological invariants could be constructed. But this is not the case. As 
argued in refs. || ||, [H| it is indeed possible to define a smooth fiber bundle and hence a 
topological winding number for a given lattice field configuration if it contains no exceptional 
link variables |8|, |9], 0. In the case of abelian theories Liischer has shown in ref. that 
the configuration space of the link variables satisfying the admissibility condition has a rich 
topological structure. It is considered as a kind of smoothness condition for the gauge field 
configuration, ensuring the existence of gauge potentials continuously parameterizing the 
link variables. The essential point here is that the configuration space of the admissible link 
variables is topologically disconnected. 

In this paper we investigate the topological charge of abelian gauge theory on a periodic 
lattice in arbitrary even dimensions and argue that the lattice analogue of Chern character 
obtained in refs. |TJ, indeed gives an integer-valued topological invariant by relating it to 
the topological winding number of a U(l) bundle constructed from the lattice gauge fields 
by the interpolation method of refs. @, |TH| . 

We should add a brief argument concerning the theorem given in refs. [I], |2[, where it 
is supposed for an infinite hypercubic regular lattice. We can extend it to topologically 
nontrivial lattices A without boundaries by restricting to ultralocal functions. We assume 
that A is locally hypercubic and regular. This means that for any point n 6 A one can find 
a set U n of lattice points and links with a hypercubic regular lattice structure of the same 
dimensions. Hypercubic regular lattices with periodic boundary conditions, which we shall 
consider, are examples for A. We call functions / on A ultralocal if f(n) for any n G A 
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depends only on the gauge potentials associated to links within the subset U n of A. The 
abelian gauge potentials on the lattice will be treated in Sect. 3 in detail. See also refs. 
@, | ||. Throughout this paper we assume the lattice spacing a = 1. The forward and 
backward difference operators Z\ u and Z\* are then defined by 

AJH = /(n + ft)~ f(n) , A;f(n) = f(n) - f(n - ft) . (1.1) 

Then the theorem is extended to the lattice A as 

Theorem : Let q be gauge invariant and smooth ultralocal function of the abelian gauge 
potentials on a locally hypercubic regular lattice A of dimensions D without boundaries 
that satisfies the topological invariance 

E%) = (1-2) 

neA 

for arbitrary local variations of the gauge potentials — > + dA^, then q(n) for arbitrary 
neA takes the form 

[D/2] 
1=0 

x • • • x F w „ ; (n + // x + v x H V M-i + vi-\) + A^k^n) , (1.3) 

where F^iy{n) — A^Ayiji) A v A^{ji) is the field strength, the coefficient f3^ lVl ...^ n y n is anti- 
symmetric in its indices and the current can be chosen to be gauge invariant and ultralocal 
in the gauge potential. 

For functions q on the infinite lattice Z D the theorem holds true. Since A is assumed 
to be locally hypercubic and regular, the same identity should also follow for ultralocal 
functions q. The point here is that the gauge invariant current k^ can be chosen to be 
ultralocal since both q and the topological terms are ultralocal and (|1.3|) must be an identity 
for any configuration of the gauge potentials. As we will see, the topological charge density 
in general has a complicated form. The theorem will be used to rewrite it to the standard 
form (pp. 

This paper is organized as follows. In the next section we describe the topological winding 
number of abelian gauge theory on a D dimensional torus, giving an explicit formula for the 
topological charge in terms of the transition functions. Sect. 3 deals with abelian gauge 
fields on a D dimensional periodic lattice. We argue the precise relation among the link 
variables, the field strengths and the gauge potentials on the lattice. In Sect. 4 we give 
a formulation of interpolation of the parallel transport functions from the discrete lattice 
to the continuum. The interpolated transition functions are obtained in closed form. In 
Sect. 5 we define the topological charge of the lattice abelian gauge theory by the Chern 
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number of the fiber bundle with the interpolated transition functions given in Sect. 4. The 
connection between the topological charge and the chiral anomaly obtained by the method 
of noncommutative differential calculus in our previous works is established. We also show 
that the topological charge can be expressed solely by the magnetic fluxes introduced in 
ref. ||12|| . A mathematical lemma concerning the existence of periodic potential functions 
for flux- free field configurations is given in Sect. 6. In the proof of the lemma we show the 
systematic way to isolate the flux contributions from the field strengths. For illustration 
we present a simple but nontrivial field configuration of constant field strengths with unit 
topological charges in two dimensions. Sect. 7 is devoted to summary and discussion. 



2 Topological charge of abelian gauge theory on T 

Fiber bundles over a manifold are topologically classified by the equivalence class of transition 
functions. Our first main concern is to give a formula for the topological winding number 
of the fiber bundle in terms of transition functions. In this paper we consider U(l) bundles 
over a torus T D of dimensions D = 2N defined by the identification 

x~ x + Lfi for x G K D , fj, = 1, • ■ ■ ,D (2.1) 

where ft denotes the unit vector in the [i-th direction and the period L of the torus is assumed 
to be a positive integer. A hypercubic periodic lattice A of dimensions D is defined as the 
set of integral lattice points in T D . 

We divide T D into L D hypercubes c(n) (n G A) defined by 

D 

c(n) = {xE T D \x = n + £ , < Vii < 1} . (2.2) 

We assume that L is large enough so that any restricted bundle over c(n) is trivial. Mathe- 
matically this can be achieved for L > 2. For later convenience, let us denote the intersection 
of c(n) and c(n — fi) by p(n, /a) and the common boundary of p(n, /J,), p(n, u), ■ ■ -, p(n, a) by 
p(n,fi, u,---,a). 

Let A^ n '(x) be the gauge potential l-form| on the hypercube c(n), then the gauge poten- 
tials A 1 - 11 -® and AW are related by a gauge transformation on p(n, /i) 

A^-®(x) = A^ n \x) + dA n ^{x) , (2.3) 

where d is the ordinary exterior differential and A njA1 is defined by the transition functions 

v n ,„ = e- jA - . (2.4) 

*The gauge field A^\x) is assumed to be real. 



4 



The transition functions must satisfy cocycle conditions for x G p(n, fi, u) |§ 

V n -^v{ X ) V nA X ) = v n-P,fi{ X ) V nA X ) ■ ( 2 - 5 ) 

In terms of A n<fl they can be written as 

A;A n<u = A* v A n>ll (mod 2tt) , (2.6) 

where A* is the backward difference operator defined by ( |1.1|) . 
The topological charge of the abelian gauge theory is given by 

Q = Cn L FN > ° N = j2^WW.' (2 - 7) 

where F(x) = dA^ n \x) is the field strength 2-form for x E c(n). It is gauge invariant and 
globally defined on T D . By the Bianchi identity dF = 0, we have F N = d{A^ F N ~ X ) and 
hence 



Q = CV £ / d(A^F N ' 1 



^ee(7 



^(n) _ / ^(n)_pJV-l 



neA I* Mw) 

= C n E E / dK,^F N - 1 . (2.8) 

In the last step we have used the relation ( |2.3| ). Since dA n ^ is a closed form, we can write 
dA^F"- 1 = -d(dA n ^A^F N - 2 ) and Q is further reduced as 

Q = -CVEE/ {-AtdA n ^F N - 2 + dA n ^dA n , v F N - 2 X , (2.9) 
where E implies antisymmetrized summation on /j,, u, ■ ■ ■ satisfying 

E fv~ = /i2- + ■ • • , E = E • (2-io) 

/•W"' •"itHi—tt*!"' "•>H>'">t l i"' 

Since <i commutes with Z\* and dA* v A„ iAt is symmetric in /z and z/ by the cocycle condition 
(|2.6j), the first term in the integrand of (|2.9|) does not contribute to Q- We thus obtain 



Q = -CtvEE/ dA n ^,dA ntU F N - 2 . (2.11) 

n J P{n,fi,iy) 
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Similar procedure can be repeated until all the field strengths disappear. The final expression 
for Q is given by 



Q = ( — 1) 2 Cn / , / , dA-n-fa Aat,Mi^"-A3 AiV,^2 ' ' ' d^~n,n N 

JV(JV-l) ^ I" jy 

( — 1) 2 CjV / , e Mi/J2---MD / ^ 2 ; ^/i]v+l^-n-/t2 flN^l^^N+2-^ri-fl3 AiV,M2 

n • y p(™,Mi.M2,---,/ijv) 

X ••• X d^An^ , (2.12) 

where e fll ... fJ-D is the Levi-Civita symbol in .D dimensions, stands for the derivative with 
respect to x M , and d N x is the volume form on p(n, fii, • • • , /ijv) • 

To show that no new condition other than the cocycle conditions ( |2.6|) is necessary we 
prove it by mathematical induction. Let us assume that 



Q = (-i)^^E E /, 



dA. n -fi 2 ^ fe ifMl <iA n _^ 3 ^ k ifl3 



x---xdA n ^F N - k (2.13) 



holds true up to some integer k < N. Then by carrying out the manipulation from (!TB) to 
(12.90 we have 



r, l„ ... , , J P(n„ 



n fii,—,fj, k+1 " , P( n -Mi.A t 2,---,Mfe,Mfe+l) 

X 



— A* (dA - dA dA )A ( - 1 ^ 

I JA JA JA \ TpN—k—X 

-TUJV n _^ 2 £ fc _£ fc+ljjUl u,i\. n _£ 3 /i fc -Afc+i,M2 ' ' ' ^^-/ifc+i^fe^i-n^fc+i | ^ 



;2.i4) 



By noting the Leibnitz rule on the lattice A*^(f n g n ) = A*J n g n + f^^A^g^ we get 

^Mfc+i (dAn-fe ^ fciMl <iA n _ / i 3 Afe>M2 ' ' ' dAn tf i k ) 

= d^fi k+1 -^n~p, 2 fih^idAn-^ /tfe,/Lt 2 ' ' ' dA n ^ k 

+dA n _f l2 f lk _f Lk+1 ^ 1 dA^ k+i A n _^g /t fc ,/i 2 ' ' ' dA n> n k 

+ • • ■ + dA n _jx 2 { lk _/x k+1 ^ 1 dA n _fi 3 f lk -f lk+1 ^ 2 ■ ■ ■ <iZ\ Mfc+i A n)Mfc . (2.15) 

The j-th term of the rhs of this expression is symmetric in fij and fik+i for j = 1, • • • , k by 
the cocycle condition ( p.6|) , hence the first term of the integrand of (|2.14j) does not contribute 



to the topological charge due to the antisymmetrized sum. The resulting expression for Q 
is just fl2.13p with k replaced by k + 1, implying that fl2.13p holds true for any k < N. This 
completes the proof of ( [2.12| ) . 
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3 Lattice abelian gauge field on the periodic lattice 

The link variables U^in) {n e A, /i = 1, ■■-,D) are subject to the periodic boundary 
conditions 

U li (n + Lu) = U li (n) , {v = 1, ■ ■ ■ , D) , (3.1) 
and are assumed to be parametrized by 

U^n) = e ia -^ , (-7T < a» < vr) , (3.2) 
where a M (n) is a vector field on A. The field strength is defined by 

F^{n) = -InU^U^n + fi)U^{n + Oy'U^n)- 1 , |F^(n)| < vr . (3.3) 

We exclude the exceptional field configurations || with \F^ v {n)\ = n, where the plaquette 
variable equals —1 and (— 1)* (0 < y < 1) becomes ambiguous. 
The field strengths can be written in terms of a M as 

F^u{n) = AfjfiL^n) - A u a^{n) + 2ixn^{n) , (3.4) 

where A^ is the forward difference operator and is an integer-valued anti-symmetric 
tensor field on A. The n^ v (n) must be chosen so that the field strength F^n) lies within the 
principal branch of the logarithm in (|3.3|) . Obviously, it satisfies \n^(n)\ < 2. Furthermore, 
the link variables are assumed to be restricted so that the field strengths always satisfy the 
Bianchi identity A^F^in) = in order to ensure the existence of gauge potential as 

F^{n) = A^A v (n) - A v A„(n) . (3.5) 



This requirement is automatically satisfied by the admissibility condition of ref. [|1], [T2[ that 
the field strengths satisfy 

sup|F^(rz)| < e (3.6) 

for a fixed constant < e < 7r/3.| The exceptional filed configurations mentioned above are 
also excluded by this condition. 

Gauge transformations on A are defined by 

U(n) -> V(n)U^n)V{n + {i)-\ (3.7) 



§As noted in ref. e should be replaced with e/a 2 for the lattice spacing a / 1 and, hence, the restriction 
on the gauge field configuration disappears in the classical continuum limit. 
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where V is a [/(l)-valued function on A. The field strengths (|3.3|) is obviously gauge invariant. 
Note, however, that neither A^a v {n) — A u a^{n) nor n^ u (n) are separately gauge invariant. To 
see this we parameterize the gauge transformations V by a function A on A as V(n) = e l ^ n \ 
where A is assumed to satisfy X(n + Lft) = A(n) and |A(n)| < n. Then a^(n) and n^ v (n) are 
transformed as 

a^(n) -> a M (ra) - 4 M A(n) + 27riV M (n) , n M ^(n) -> n^n) - A^N^n) + A u N^(n) , (3.8) 

where is an integer-valued vector field on A and must be chosen to satisfy 

- 7T < a„(n) - Z\ At A(n) + 2irN fl {n) < tt . (3.9) 

If the field strength satisfies the Bianchi identities, so does n^. Hence it is always possible 
to find an integer-valued vector field m M on Z D satisfying 

A^{n) = a^n) + 2-nm^{n) , A^m u (n) - A u m^{n) = n^ u {n) . (3.10) 

To show this we note that m^n) is only determined up to integer- valued gauge transfor- 
mations m^(n) — > m^(n) — A^A{n) (A(n) £ Z) on Z D and we can always work in the axial 
gauge m D {n) = 0. In this gauge m^{n) (/i ^ D) satisfies A D m^{n) = —n^ D {n), which can 
be integrated to 

n D -l 

™,p(n) = - E n>nD{ni,- • > n D-i,yD) +m ll (ni,- • • ,n D -i,0) • (3.11) 

VD=0 

The sum on y^ in the rhs must make sense for arbitrary integer Ud- This can be achieved 
by defining the sum as 

'f(a) + - -. + /(6-l) (b>a) 

< (b = a) (3.12) 

>-f(b) f(a-l) (b<a) 

for arbitrary functions /onZ and a, b £ Z. It is just an analogue of one-dimensional integral 
on the discrete space Z and satisfies the following properties 

E f(y) = - E f(y) , E M = E f(y) + E /(v) - 

y=a y=b y=a y=a y=c 

A x (j2f(y))=f(x) , YA y f{y) = f{b)-f{a) , (3.13) 

\y=a J y=a 



6-1 

£/(*) 

y=a 



where A z stands for the difference operator with respect to z £ Z. In ( 3.11 ) rn fl (n)\ nD=0 = 
m /i( ri i) • " " > n D-\i 0) (a* 7^ -D) ar 6 still to be determined. In order for (|3.10D to be consistent 
they must satisfy the following set of equations 

A^m v (ni, • • , n D -t, 0) - A v m l Sjh\, • • - , n D -t, 0) = Jv(ni, ■ ■ • , n D -i, 0) . (3.14) 
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We see that the problem of finding m^{n) in D dimensions is reduced to the problem of 
solving the original equations dimensionally reduced to D — 1 dimensions. Again we can 
choose the axial gauge mx>_i(ni, • • • , Ud-i, 0) = and solve Q3.14Q as before. Obviously, this 



reduction process can be continued until all the m^'s are completely determined. We thus 
obtain 



-l 



«VW = - X X] n iw( n ir" > n v-i>yv, Q , ■ (3.15) 

It is integer-valued as announced. 

From ( |3.10| ) the gauge potential also serves as the local coordinates for the link 
variables by the relations V^in) = e^^^ [I], and the gauge transformation fl3.8| ) simply 



becomes 

A^n) -> A^n) - A^\(n) - 2nA fl A(n) , (3.16) 

where A is an arbitrary integer- valued function on Z D . We emphasize that the gauge poten- 
tial A^{n) defined by ( |3.10|) and ( |3.15| ) is continuous at U^{n) = — 1 though a^{n) exhibits 
a discontinuity. 

Note that the periodicity of the link variables and the field strengths only implies that of 
the gauge potentials up to gauge trasnformations by 2ttA with A(n) e Z. In order to obtain 
nonvanishing topological charge it is necessary to have nonperiodic gauge potentials. For 
m^{n) given by (|3.15|) the periodicity of A^n) is completely determined by n^ u {n) as 



A^n + Lu) — A^iri) = 2^m tl {n + Lu) — 2'Km jJL {n) 

L-l 

-2tt ^2 n^ni, ■ ■ ■ , n v , 0, • • • , 0) for /i < v 

ri„=0 

for fi > v 



4 Interpolated transition functions 

We now turn to the construction of the transition functions from the gauge fields on the 
lattice A by using the interpolation technique given in refs. |8|, [11|]. The main concerns 
of the authors of refs. || [Il| were the construction of the topological charges for non- 
abelian theories in four dimensions. The interpolated transition functions become more and 
more complicated as the dimensions increase in the nonabelian case so that the general ex- 
pression cannot be available in arbitrary dimensions. In the abelian case, however, all the 
complications related to the noncommutativity of the transition functions^ disappear and it 
is possible to give transition functions in closed form as we will show. 

^In the nonabelian theories the transition functions are in fact matrix-valued in some representation. 
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We first define parallel transport functions w n (x) by 

w n (x) = U 1 (n) ai U 2 (n + a^y 2 ■ ■ ■ U D (n + ad + a 2 2 + ■ ■ ■ + a D ^D^ l) aD (4.1) 
for points x of the corners of c(n) given by 

D 

x = n+5> M /i, (<t m = {0,1}). (4.2) 

At this point they are only defined on the corners of c(n). In what follows we define iteratively 
interpolations of w n (x) over the boundary dc(n). 

Before going into mathematical detail, we mention the subtleties in defining arbitrary 
exponents (w n (x)) y (0 < y < 1). We define exponents for link variables by (U^,(n)) y = 
e HM»). But (w n (x)) y does not coincide with (U l (n) ai ) y ■ ■ ■ (U D (n+a 1 l+- ■ ■+a D ^ 1 D^ l) aD ) y 
in general. The subtlety concerning the violation of such a naive distribution law of exponents 
can be avoided if we assume that | o,fj,(n)\ is sufficiently small for any link variable so that 
the naive distribution law is applicable. We assume this for the time being to justify the 
mathematical manipulations and remove such restrictions from the final expression of the 
transition functions. 

Let fix, ■ ■ ■ , Hd-\ = {!)■") be the D — 1 indices satisfying fix < • • • < ^d-x- 

Then the interpolation along the fin-i direction is defined by 

(D-2 \ / D-2 \ VD-l 

n + a kh + Vd-i^d-i J = w m in + Y °kii-k + Ad-i J 

/ D-2 \ 1-to-l 

xw m ^n+Ya k fi k j , (4.3) 

where m = n or m = n — (i and yn-i (0 < Vd-i < 1) is the interpolation parameter and 
can be regarded as the coordinate of c(n) in the jlo-i direction. We use ( |4.3j ) to define the 
second interpolation in the fio-2 direction as 

W m + Y a kh + VD-2^D-2 + VD-lflD-lj 

I D-3 \ VD-2 / D-2 \ l-VD-2 

= w m in + Y °kh + Ad-2 + Vd-iP-d-i w m in+Y a kh + Vd-iPd-i 



k=l / \ k=l 



(4.4) 



where jjd-2 (0 < Ud-2 < 1) is the new parameter for the interpolation. 

We can carry out such interpolation procedure step by step until all the points in p(n, a) 
are covered. After I steps, we obtain 

/ D-l-l D-l \ 

w m in+ Y °k^k + Y Vkfrk I 
\ k=l k=D-l / 
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D-l-1 



D-l 



Vd-1 



w m ln 



xw 



- a kfak + flD-l + Vkfrk ) 

fc=l k=D-l+l J 

/ D-l-1 D-l \ l-to-l 

V A=l fc=D-Z+l / 



(4.5) 



In this way we can construct the parallel transport matrix w m (x) as 

D-l 

for any point x G p(n, fi) given by 



w m (x) 



n 



w m [n+ Y °k^k 



(4.6) 



D-l 



x = n + Vkfrk , (0 < y k < 1) ■ 



(4.7) 



k=l 



In deriving (|4.6|) we have made a heavy use of the naive distribution law of exponents men- 
tioned above. It is very important to note that the parallel transport function {w n (x)} x€ Q c ^ 
defines a continuous mapping dc(n) — > U(l) as can be verified directly from (^ 
In two and four dimensions w m (x) are explicitly given by 



D = 2 
D = 4 



w m (x) 



w m (x) 



w m {n) 1 - yi w m (n + fn) yi 



w m {n)^-y^-y^-y^ w m {n + Ail )w( 1 -w)( 1 -w»)u; TO ( n + /t 2 

XW m (n + /tg)^^ 1 "^^^ + /X 2 + /ig)^ 1 ^ 3 



(4.8) 

,(1—^1)^2(1-^3) 



x^^ + ^+^ + zis)™ 3 



(4.9) 



Following ref. [11], we define the transition functions v n ,^(x) interpolated over p(n, /i) by 

- 1 . (4.10) 



VnA X ) = >1 (x)w n {x) 



With this definition one can easily show that the transition functions indeed satisfy the 
cocycle conditions ( |2.5| ). It is not so difficult to compute the transition functions explicitly 
in arbitrary dimensions. We first note that the interpolated transition functions v n ^(x) 
(x G p(n, /i)) are given by 



v nA x ) 



n 



D-l 



n 



_^ \ rifc=i (°"fc?/fc+( i - CT fe)(i-?/fc)) 



{<T k =0,l} k = 



k=l 



(4.11) 



Again use has been made of the naive manipulation on the exponents. For the corner points 
of p(n, fi) it is straightforward to show that the transition functions are given by 



t D-l \ 

n + X 

\ k=l J 



v n ^(n)exp 



D-l 



X (?kF^(n - p, + atflt H h (T k -ih-i) 



k=l 



(4.12) 



11 



where the field strengths are given by ( p.3|) and v n ^{n) = w n ^(n)w n (n) = U^(n — fi) is 
consistent with ( |4.10| ). Putting this into the rhs of ( |4.11| ), we obtain v n ^(x) explicitly as 



V nA X ) 



v n ^(n) exp 



D-l 



E E 



k=l 
Mfc<H 



K=o,i} 



3=1, 



f k-1 \ 

n - A + E 



x n( a ^ + (! - - 2/0) 
z=i 



(4.13) 



So far we have assumed that ja^n)! is sufficiently small for any link variable so that all the 
mathematical manipulations concerning the distribution law of exponents can be justified. 
The final expression (|4.13| ), however, satisfies all the desired properties expected for the 
transition functions such as the gauge covariance and the cocycle conditions even for general 



configurations as far as the exceptional configurations |1 containing F. 



n 



±7r for some 



fi, v and n is excluded and the field strengths satisfy the Bianchi identities. Henceforth, we 
consider general field configurations not necessarily restricted to be small and regard ( |4.13|) 
as the definition of the transition functions. 

In the classical continuum limit we may retain only the leading terms as 



k-1 \ 

A + E a ih 

i=i / 



n) + 



(4.14) 



The transition function ( |4.13|) reduces to a simple form in the classical continuum limit as 

D-l 



n) exp 



E F w»» + 



k=l 



(4.15) 



Concrete expressions of the transition functions in some lower dimensions can be easily 
found form ([4.13|) ; 



D = 2 : 

v n ,i( x ) 

D = A: 

v n ,i(x) 

VnA(x) 



v n ,i{n) , (x G p(n, 1)) , 
v n ^nyy^ n ~^ , (iE P (n,2)) , 



(4.16) 



v n ,i{n) , (x e p(n, 1)) , 
v n , 2 (n)^ F ^ n -^ , (xe P (n,2)) , 

^,3(^)e* (2/lFl3(n ' S)+(1_?/lb2F23(ri " S)+? ' 1?/2F23(n+i " §)) , (z E p{n, 3)) , 
v nA (n) expi[yiF u (n - 4) + (1 - yi)y 2 F 24 in - 4) + (1 - yi){l - y 2 )y3Fu(n - 4) 
+2/i2/2^24 (n + 1-4) +yi(l - y 2 )yA(n + 1-4) 
+(1 - yi)y 2 y3F 2i (n + 2 - 4) + yi y 2 y 3 F M (n + 1 + 2 - 4)] , 

(a; G pin, A)) . (4.17) 
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It is instructive to see in four dimensions that the Bianchi identities is necessary for the 
cocycle conditions fl2.5| ) to be fulfilled. Let us consider the case \i = 2 and v = 3, then we 
have for x G p(n, 2, 3) 



V n-3,2{ X ) 



V n-2A X ) 



^,2^)1,3=1,^-3 = *V-S> - 3)e^(™-^) , 

„ J T \\ - 7 , („ _ 9V i fei F i3( rl -2-3)+(l-2/i)i ;, 23(n-2-3)+ ? /iF23(n+i-2-3)) 

L'n,3\.^)\y 2 =l i n-*n-2 ~ U n-2,3\' L 

(4.18) 



The cocycle condition in the present case follows from the relations 

%,-2> - 2)v n , 2 (n)e^ n -^ = v n _ %2 {n - 3)v n>3 (n) , 
A {1 F 23] (n-2-3) = . (4.19) 



5 Topological charge of lattice abelian gauge theory on 
the periodic lattice 

We have constructed a set of transition functions fl4.13|) from the link variables on the lattice 
A. The transition functions in turn define a fiber bundle over T D , for which the topological 
charge Q can be computed unambiguously by (|2.12|) . In order to compute Q, let us define 
1-form dk n4l (x) on p(n, fi) by 

dA n ^(x) = -i v n ^{x)dv n ^{x)~ l , (5.1) 

where d is the ordinary exterior derivative with respect to the continuous coordinates x M . 
Then Q is given by 

Q = £<z(n), (5.2) 

where q is the topological charge density satisfying q{n + Lfi) = q(n) for // = 1, • • • , D and 
can be chosen to be 

q{n) = (—1) 2 C ' n^^^-'-^d I , , ^ x 9^ N+1 A n _jx 2 (i N ,fi 1 d tlN+2 A n _f 1 . i /i^,^ 2 

x • • • x d^ D A n ^ N . (5-3) 

From (|4.13|) and (|5.1|) one can see that q(n) is invariant under the gauge transformations 
(|3.16| ), ultralocal in the gauge potential and a sum of products of N field strengths. Fur- 
thermore, the classical continuum limit can be obtained from ( |4.15|) as 

<?W = ^C N e^ Ul ... mUN F^ Ul (n) ■ ■ ■ F^^n) + ■■■ . (5.4) 
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These properties together with the topological invariance of Q, i.e., the invariance under 
arbitrary local variations of the gauge potential as in ( |1.2| ), which is obvious by construction, 
in fact determine the structure of q{n) by the theorem ( |1.3|) . In the present case we have 
vi-tuvi — for / < iV and (3 IJtllJl ... t j, NlJN — C N /2 N e mu 1 --^ N u N as can be seen from ( |5.4|) . 
Furthermore, the current divergence term in ( |1.3| ) does not contribute to the topological 
charge Q due to the periodic boundary conditions. We thus obtain the topological charge 

Q - 7^C N ^e^ lul ...^ NUN F^ lUl (n)F^ 2U2 (n + fix + D^ 

A n€A 

x ■ • • x F mVN (n + fax + z>i H h AiV-i + t>n-i) ■ (5.5) 

The summand of this expression is nothing but the Chern character obtained solely from the 
noncommutative differential calculus on the lattice. This establishes the connection between 
the lattice analogue of the Chern character and the topology of the fiber bundle over the 
discrete lattice as in continuum theory. 

It is possible to express the topological charge in terms of the magnetic fluxes 0^(x) 
through the /iz/-plane | 12| . They are defined by 



L-1 

</v( n ) = F^(n + sfa + tu) 

s,t=0 
L-1 

= 2-k n ^u{n + sfa + tv) , (5.6) 

s,t=Q 



where use has been made of (|3.4|). We immediately see that they are gauge invariant and 



integer multiples of 2tt. Furthermore, they can be shown to be constants by virtue of the 



Bianchi identities fL2|| . Since the field strengths are continuous with respect to continuous 
changes of link variables as far as the exceptional gauge field configurations are excluded, 
the fluxes (f)^ v must be invariant under such continuous changes of link variables. This 
implies that the sets of link variables {U^(n)} ne A,fi=i, --,D with distinct fluxes {(f)fj,u}^u=i,---,D 
are topologically disjoint one another. 

For later convenience, we introduce a set of integers = —m Vil by 

L-1 

n^{n + sfa + tv) . (5.7) 



:,t=0 



If we define p^u{ n ) by 



then we have 



p^{n) = 2-nin^ v (n) - j^m^j , (5.8) 



L-1 



P»v(n + sfa + tv) = . (5.9) 

s,t=0 
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Furthermore, p^ v {n) satisfies the Bianchi identities. Now using the lemma given in the next 
section, it is always possible to find a periodic vector field A M on A satisfying 

4 M A„(n) - A u \„{n) = p^(n) . (5.10) 

This implies that the field strength F liv {n) can always be written as 

F^{n) = A^a v {n) - A v a^{n) + j^m^ , (5.11) 

where we have introduced a vector field on A by a^{n) = a^{n) +X fJi (n). It is possible to find 
a gauge potential A^{n) in terms of a M (n) and as 

2n 

A M (n) = a M (n) - — ^ • (5.12) 



This satisfies the periodicity differing from ( |3.17| ) as 



a i i I / \ J-27T77V/L (/i<^) , , 

A M (n + Lz/) - A M (n) = | Q L>i/) " ^ ^ 

Putting ( |5.11|) into fl5.5|) and noting that the periodic vector field a^{n) does not contribute 
to the topological charge, we obtain 

where use has been made of the explicit form of Cat given in (|2.7|) . The rhs of this expression 
is manifestly an integer and topological invariant as it should be. 



6 Lemma 

In this section we describe the Lemma used in the previous section. It turns out to be useful 
in finding link variables for given field strengths. We now state the lemma in the following 
form. 

Lemma: Let p^ u be an antisymmetric tensor field on the D dimensional periodic lattice A 
satisfying 

A [x p^\{n) = , p^u{n + LA) = p^ v {n) , 

L-l 

^ p^(n + sp + ti>) = , (\,fj,,v = 1, ■■■,D) (6.1) 

s,t=0 

then there exists a vector helds A^ satisfying 

Af.Kin) - AyXpin) = p^/(n) , A At (n + Lv) = A /i (n) , (p, v = 1, • • • , D) . (6.2) 
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Proof: The proof will proceed as in the case of solving (|3.10| ) for m^n). In the present 
case A /Ll (n) must be periodic in the lattice coordinates. This makes the solution somewhat 
complicated. 

We first assume the existence of A M satisfying (|6.2|) and note that the Bianchi identity 
and the periodicity in ( |S.1|) imply the relation 



A„ (j2 PUn + sX)) = A v (j2 P^( n + s ^ ■ I 6 - 3 ) 

Now let us denote a sum of vector field along a lattice path C from a 6 A to & 6 A 
through the lattice points a + p, a + p + £>,■■■, b — pin this order by 

£V M (y)^ = v it (a)+V v (a + p) + --- + V p (b-p) , (6.4) 

c 

then (|6~3| ) guarantees that the vector field ot\ defined by the sum along any lattice path C 
from y = to y = n 

L-l 

a x (n) = a A (0) + E E P^iv + sX ) A V» ( 6 - 5 ) 

C s=0 

is independent of the path chosen. It is also periodic as can be seen from the third property 
of 06.11). From (16. 2) and (16.51) we get 



'L-l \ L-l 



AfM E + sz> ) = E /V( n + sz> ) = -Ap,(x v {n) . (6.6) 



\s=0 / s=0 

Hence we may choose a^{n) without loss of generality to satisfy 

L-l 



a 



M) = ~ E A m(™ + S P) ( 6 - 7 ) 



s=0 



We next define ip^in) and u^ u (n)by 

ip^(n) = A M (n) + -^-a^(n) , u}^(n) = p^(n) + ^-(A^a v (n) - A u a^{n)) . (6.8) 



From ( |6.2|) and ( |6.7| ) one can easily show that these fulfill the following relations 

AuVv(n) - A u %l)^(n) = uj^(n) , ^[a^V] ( n ) = > 

L-l L-l 

E + S P) = E ^v( n + S P) = • (6-9) 

s=0 s=0 
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It is now possible to solve these with respect to J us ^ Q3.10Q by working with the 

axial gauge ipoij 1 ) = 0. In this gauge ^(n) (// = 1, • • • , D — 1) are given by 

n D — 1 

^V(n) = - XI <«Wni,- ■■^d-i^Vd) + W( n i> - ••,n z) _i,0) , (6.10) 

2/c=0 

where Vv( n i> ' ' ' > n D-i, 0) is periodic in the lattice coordinates and still to be determined. 
It must satisfy 



A^v{ni, ■■■ , n D -i, 0) - Avifi^m, n D -i, 0) = uj^nt, n D -i, 0) , 

£-1 

= ( 6 - n ) 



n u =0 



These are the equations (|6.9f) restricted to n D = 0, and can be solved again by choosing 
^£)_i(ni, • • • , ud-i, 0) = 0. This procedure can be continued until all the Vv( n ) are f° un d- 
This completes the proof of the existence of ip^ and, hence, A M by 



To illustrate all these ideas in a concrete example, let us consider a constant field[J] 
F,j,v{n) = e^B in two dimensions. Q If we parameterize the link variables as in Q2.3Q , a^(n) 
(fjL = 1, 2) satisfy 

F X2 {n) = A x a 2 {n) - A 2 a x (n) + 2ixn 12 (n) = B , (-tt < 0/x (n) < vr , |n 12 (n)| < 2) .(6.12) 
The magnetic flux (f) = 27r0 12 is given by 

(j) = BL 2 = X2vm 12 (n) . (6.13) 

ne A 

This implies that -BL 2 must be an integer multiple of 2n. For BL 2 = 2tt we may choose 
n^(n) as 

*V( n ) = ^ni,[i/2]^ft 2 ,[i/2] , (6.14) 

where we have introduced periodic lattice coordinates 

n M = n, - Le(^ + ~j , ([-L/2] < n, < [L/2]) (6.15) 

with e(x) being the stair-step function defined by 

e(x) = n for n < x < n + 1 , (n G Z) . (6.16) 



II General constant fields of arbitrary magnetic fluxes are explicitly given in ref . jllj . 
**In two dimensions the Bianchi identities A^F^ — are trivially satisfied for any anti-symmetric tensor 
fields. 
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The a M (n)'s now satisfy the following equation 

4ia 2 (n) - A 2 a 1 (n) = B - 2im 12 (n) = B - 2ir5 hlt[L/2] 5n 2 ,[L/2} ■ (6.17) 

We can solve this equation by following the procedure described in the proof of the lemma. 
We thus obtain 

oi(n) = -— n 2 5ni,[i/2] ' a z( n ) = j2 Ul ■ ( 6 - 18 ) 



The gauge potential A^n) can be found by solving fl3.10| ) in the present case. The m M (n)'s 
are easily obtained from Q3.15|) as 



mi(n) = -5n x ,[L/2]e^ + , m 2 (n) = . (6.19) 
In deriving this use has been made of the relation 

A^n^ = 1 - LSfi^L/2] , (no sum on fj) . (6.20) 
We thus find the gauge potential as 

Ai{n) = ai(n) + 27rmi(n) = -£-B5 ftl) [L/ 2 ]n 2 , A 2 (n) = Sni . (6.21) 
The nontrivial periodicity property of the gauge potential is 

Al ( n + L2) - Ai(n) = -L 2 B6, hlAL/2] = -27T<f fil , [i/2] . (6.22) 



It is also possible to write the gauge potential in the form ( |5.12|) as 



L 2 

Finally the topological charge is given by 



ii(n) = ~ri2 = -Bn 2 , A 2 (n) = . (6.23) 



Q = 4^ E e^(n) = ^ = 1 • ( 6 - 24 ) 



neA 



7 Summary and discussion 

We have argued that the topological charge obtained from the lattice generalization of the 
Chern character is indeed an integer related to the winding number of a U(l) bundle con- 
structed from the link variables by a smooth interpolation. It picks up the topological 
structure of the underlying lattice originating from the periodicity. The configuration space 
of the link variables that is topologically trivial and connected to the trivial one becomes 
topologically disjoint by excising the exceptional field configurations. No two belonging 
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to different connected components can be continuously deformed into each other without 
crossing the exceptional configurations where the topological charge may jump due to the 
discontinuities of the field strengths at the exceptional plaquette variables. Link variables 
with different magnetic fluxes belong to different connected components of the field config- 
urations. We have established an explicit relation between the topological charge and the 
magnetic fluxes. 

The construction presented in this paper is rather indirect. One might think that the 
interpolation to a smooth fiber bundle played an essential role and there might exist different 
interpolations leading to different topological charges. But such is not the case. The topo- 
logical information of the underlying lattice is carried by the gauge potentials and the value 
of the topological charge is completely unique for a given gauge field configuration. In order 
to see that the topological charge ( |5.5|) is indeed an integer given by ( |5.14| ) no interpolation 
to a smooth bundle is necessary. This way of understanding, however, makes the topological 
meaning of ( |5.5|) obscure. So it is more desirable to have a formalism of topological invariants 
of fiber bundles over discrete lattices without leaning upon the interpolation method. 

What is the implication of the present analysis on the index theorem of the Ginsparg- 
Wilson Dirac operator on the lattice? We infer that the topological charge (|5.5|) coincides 
with the index of the Ginsparg- Wilson Dirac operator on the periodic lattice A as the index 
theorem suggests. In the case of infinite lattice the chiral anomaly coincides with the Chern 
character. However, both the index and the topological charge are not well-defined in general. 
On the other hand both of them are well-defined in the case of finite lattice. Unfortunately, 
we have very little known about the precise connection between them. The situation gets 
even worse for nonabelian theories.^ The topological charges obtained so far in the literature 
by interpolations || [11] are too complicated to manipulate and no differential geometric 



construction of Chern characters leading to topological invariants seems to be available on 
the lattice. We must extend the theorem given in the Introduction to nonabelian theories 
in order to classify the topological invariants on the lattice. It is a challenging problem to 
establish the lattice extension of the index theorem. 

One of us (KW.) is very grateful to F. Sakata for the warm hospitality extended to him 
and to Faculty of Science of Ibaraki University for the financial support during his visit at 
Ibaraki University. 



ttAs a related study, see ref. 
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